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Abstract 

In this paper we investigate the existence of a solution to the 
Poisson equation on complete manifolds with positive spectrum 
and Ricci curvature bounded from below. We show that if a 
function / has decay f = O (r _1_e ) for some e > 0, where r is 
the distance function to a fixed point, then the Poisson equation 
Au = f has a solution u with at most exponential growth. 

We apply this result on the Poisson equation to study the ex- 
istence of harmonic maps between complete manifolds and also 
existence of Hermitian Einstein metrics on holomorphic vector 
bundles over complete manifolds, thus extending some results 
of Li- Tarn and Ni. 

Assuming that the manifold is simply connected and of Ricci 
curvature between two negative constants, we can prove that in 
fact the Poisson equation has a bounded solution and we apply 
this result to the Ricci flow on complete surfaces. 



1 Introduction 

We consider a complete manifold M with a Riemannian metric g on 
it. We assume that M has a positive spectrum, which means that 
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Ai(M) > 0, where \\(M) denotes the greatest lower bound of the L 2 
spectrum of the Laplace operator on M. The second condition is that 
the Ricci curvature is bounded from below by a negative constant. 
In the first part of the paper we study the Poisson equation on 



with d(p, x) being the distance function on M with respect to a fixed 
point p G M and e > 0. 

The Poisson equation on complete manifolds has been an extensive 
subject of study of many people over the years. The case of complete 
manifolds with nonnegative Ricci curvature has been more approach- 
able, and in fact Ni, Shi and Tarn gave in |N-S-T] necessary and suffi- 
cient conditions for existence of solutions with certain growth rates. Of 
great importance for their study were the estimates of Green's function 
proved by Li and Yau |L- Yj . In general though, when the assumption 
that Ricci curvature is nonnegative is removed, one does not have such 
estimates and the problem becomes considerably more difficult. Results 
that we know assume either some type of integrability for the function 
/ in the right hand side of (pQ), or that the manifold M has a certain 
structure at infinity. For example, it is known that a solution of the 
Poisson equation exists if the manifold M has positive spectrum and 
the right hand side of the equation is in L p (M) for some 1 < p < oo, 
see |Nilj . [5]. Interesting results about the Poisson equation can also 
be found in the context of geometric scattering theory, see e.g. |Maj . 
[M- V] . However, this only applies when the manifold has controlled 
asymptotic geometry. 

Recall that our setting in this paper is that M has positive spec- 
trum and Ricci curvature bounded below. It is well known that mani- 
folds with positive spectrum have exponential volume growth, see [B] . 
[L-Wlj . therefore the assumption in [Nil] that / G L p (M) with p finite 
is quite restrictive. Our main result is that we can replace the integra- 
bility condition with a mild pointwise polynomial decay and solve the 
Poisson equation with a solution of at most exponential growth. 




(1) 



\f(x)\ = 0(d(p,x) 



-l-E 



), 
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Theorem 1. Let M be a complete Riemannian manifold of dimension 
n. Assume that M has positive spectrum and Ricci curvature bounded 
below by a negative constant. Consider any bounded function f having 
decay 

]/(*)!< ° ( ^ - (2) 

(1 + r (x)J 

where r (x) = d (p, x) and e > 0. Then there exists a solution u of 

Au = f. 

Moreover, with respect to p this solution has at most exponential growth, 
i.e. there exist constants A > and B > such that for any x G M 

\u(x)\ <Ae Br{x) . 

We will give some applications of Theorem HJ One of them is the 
existence of harmonic maps which are homotopic to a given map and 
in that light we prove the following theorem. 

Theorem 2. Assume that M is a complete Riemannian manifold with 
positive spectrum and Ricci curvature bounded below. Let N be a com- 
plete manifold with nonpositive sectional curvature and h a smooth map 
from M to N. If with respect to a fixed point p G M the tension field 
has decay at infinity 

\W(h)\\(x)< ° 

(1 + r (x)) 

then there exists a harmonic map u : M — > iV such that u is homotopic 
to h. Moreover, the homotopic distance between u and h has at most 
exponential growth on M. 

The second application is the existence of a Hermitian-Einstein met- 
ric on a holomorphic vector bundle over a complete manifold. 

Theorem 3. Let M be a complete Kahler manifold with positive spec- 
trum and Ricci curvature bounded below. Assume that E is a holomor- 
phic vector bundle of rank k over M with metric H such that 

\\AF Ho - A/1 1 (x) < — t—. 

Then there exists a metric H on E such that AFh — XI = 0. 



3 



Problems stated in Theorem [2] and Theorem [3] have been investi- 
gated in detail in [Nl j INil} INi-Renj and we use the arguments from those 
papers. The main difference is contained in the fact that we are able to 
solve the Poisson equation under a lot milder assumptions and there- 
fore it allows us to prove quite general existence theorems compared to 
the cited papers. 

We also give an application to the Ricci flow on complete surfaces. 
We consider a complete Riemann surface M with the scalar curvature 
having a decay 

\R(x) + l\=0(r( X y 1 - £ ) } (3) 

where e > and r(x) = d(p,x), with pel being a fixed point. This 
means in some sense our manifold is close to a hyperbolic surface at 
infinity. We will evolve such a metric by the Ricci flow equation, 

lg=-(R+l)g, (4) 

and study its long time existence and convergence as t —>■ oo. 

Theorem 4. Let (M, go) be simply connected Riemann surface with its 
Ricci curvature satisfying 

-a 2 < Ric M < -b 2 < 0, 

and Then the Ricci flow ^ starting at go exists forever and con- 
verges, as t — > oo, to a complete metric of negative constant curvature. 

The organization of the paper is as follows. In section [2] we will 
give some preliminaries for the proofs of our main results. In section [3] 
we will prove Theorem [TJ The proof includes various estimates on the 
growth of the Green's function. In section H] we will show how one can 
use Theorem [1] to prove Theorems [21 [3] and HI 

2 Preliminaries 

In this section we will give some preliminaries about the Green's func- 
tion for a complete manifold M with positive spectrum, harmonic 
maps between two complete manifolds and Hermitian-Einstein metric 
on holomorphic vector bundles over complete manifolds. 
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Green's function: 

It is a classical result ( |S-Yj ) that if the manifold has positive spec- 
trum then it is nonparabolic, that is, there exists a positive symmetric 
Green's function G on M. Moreover, we can always take G (x, y) to be 
the minimal Green's function, constructed using exhaustion of compact 
domains. 

For any fixed x e M and any < a < (3 < oo denote by 

L(a,(3) = {y E M : a < G(x,y) < (3} . 

l(s) = {yeM:G(x,y) = s}, (5) 

the level sets of G(x, ■). The dependence of L (a, (3) and I (s) on x will 
always be assumed implicit in the notation. We recall the following 
well known results about the level sets of G : 

(i) Since G is harmonic and with finite Dirichlet integral, 

\VG\{x,y)dy 



1 1(a) 

is a finite number independent on s. 
(ii) G has the following integral decay at infinity 

/ G 2 (x,y)dy<Ce~ 2 v^^ R , (6) 

J B X (R+1)\B X (R) 

for any R > 2, and where C depends on x. 
(in) The co-area formula and (i) give for any 5 > and e > that 



L(Se,e) 



G- 1 (x,y)\VG\ 2 (x,y)dy= f \dt [ \VG\(x,y)dy 

J5e 1 Jl(t ) 

= ([ \VG\(x,y)dy)(-\og8) (7) 

\Jl(t ) J 



'l(t ) 

For the proof of these results see |L- Wj . 



Harmonic maps 
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For a map between two manifolds u : M — > N define the energy 
density by 

du a du 

e (u) = g % > (x) (u (x)) —. ^ . , 

where ds 2 M = gijdx l dx 3 and ds 2 N = h a/3 dy a dy fB . Consider also a (u) the 
tension field of a map u i.e. 

du 13 du 5 „ „ \ d 



\ p dx l dxi J dy c 

We will say the map u is harmonic if a (it) = 0. 



Hermitian Einstein metric 

Let us recall some notation. Let (E, H) be a holomorphic vector 
bundle with Hermitian metric H. Define the operator A as the contrac- 
tion with the metric on M, i.e. 

A (afjdz 1 A dz J ) = g 13 ajj, 

for any (1, 1) form a. The metric H is called Hermitian Einstein if the 
corresponding curvature satisfies 

AF H = XI, 

where A is some constant. 



3 The Poisson equation 



The goal of this section is to prove Theorem 1. This result and the 
estimates we prove here may have different applications for complete 
manifolds. 

Let G(x, y) be the Green's function as in section [2j If we manage 
to show that for every x G M, 



G{x,y)f{y) dy 



M 



< oo, 



then a function u(x) defined by the above integral solves ([T]). Moreover, 
we will show u(x) has the right exponential growth as stated in Theorem 
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[TJ In order to control the above integral we need to control the Green's 
function on M. That is the reason why we need to establish certain 
growth estimates for G(x, •) first. Let us outline the main steps in the 
proof of Theorem [T] and then give more details below. 

(i) First we will show there are positive constants A and B, indepen- 
dent of x so that for all y G dB x (l), 



and that there exists positive constants C and b such that for any 



(ii) It turns out that for any x G M we have L(Ae Br<yX \ oo) C B x (l). 
Using (i) we show that 



This estimate can be found in [Yin] but we will include the proof 
of it here for completeness. 

(iii) We will split the f M G(x,y)f(y) dy into two parts, 



To control the first one we will use the estimate in (ii) and to 
control the second one we will use all the previous estimates and 
the decay for f(x) on M. The proof for existence of u is based 
on a level set argument. We should point out that (i) and (ii) 
are used here only to prove the exponential growth of the u, the 
solution of ([1]). 

Let us first prove some results about the behavior of Green's func- 
tion at infinity. These results are of independent interest. The con- 
stants we obtain will in general depend on the dimension of M, Ricci 
curvature lower bound and the bottom of spectrum. 



A -i e -Br(x) < G(x,y) < Ae Br{x \ 



x 
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Lemma 5. There exist positive constants A and B such that for any 
x G M and y G dB x (1) we have the following estimates 

A -i e -Br(x) < G(x,y) < Ae Br{x) . 

Proof. Without loss of generality we can assume that x G M\B p (4) . 

Consider a ( and r) the minimal geodesies joining p with x (and y). 

From now on we will use the same symbol C for possibly different 
universal constants (depending only on the lower bound of the Ricci 
curvature of M) . 

We divide the proof into two cases. In the first case, we assume that 
d (x, r) > jq, where d (x, r) = min s d (x, r (s)) . Then G (x, •) defines a 
harmonic function on B z (1/20) , for any z on r, and using Cheng- Yau's 
gradient estimate [C-Y] we conclude that there is a constant C so that 

|VG| (x,z) < CG(x,z), 

for all z on r. Integrating this along r we find that 

e- Cr{v) G {x, p)<G (x, y) < e Cr(y) G {x, p) . 

However, using the gradient estimate again we find that 

e- Cr ^G (p, x ) < G (p, x) < e Cr ^G (p, x ) , 

for some xq G dB p (1) . This shows that there exist positive constants 
A and B, independent of x and y, such that 

A -i e -Br(x) < G( x ,y) < Ae Br(x) . 

In the second case, we assume that d(x,r) < i. Hence there exists 
a point z G r such that d(x,z) < ^. We claim that in this case 
d(y,a) > Suppose the contrary, that there exists a point w G o 
such that d (y,w) < We then have: 

d (p, x) < d (p, z) + d (z, x) < d (p, z) + ^ 
d(p,y) < <i (p, w) + d (w, y) < <i (p, w) H . 
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Adding these two inequalities we get: 

d 0, x) + d 0, y) < d (p, w) + d(p,z) + -, 

5 

which implies that 

d (w, x) + d (z, y) < -. 

5 

In particular, this implies that 

1 1 

l = d(x,y)<d (x, w) + d(w,y) < - + — , 

5 1(J 

which gives a contradiction. We have thus shown that d(y,cr) > jq. 
Now we can conclude from the argument in the first part of the proof 
that 

A -i e -Br(x) < G{y, x ) < Ae Br{x) . 

The Lemma is proved. □ 

We prove a similar estimate to the Lemma above for a level set 
integral for G. 

Lemma 6. There exist constants C > and b > such that for any x 
we have 



[ \VG\{x,y)dy <Ce br{x) . 

Jl(s) 



Proof. We claim that for A and B in Lemma [5] we have 

L (0, A~ l e~ Br ^) C M\B X (1) . (8) 
Indeed, we know from Lemma [5] that 

min G (x, y) > A" 1 e~ Br{p: \ 

and by the maximum principle applied to G (x, ■) on B x (l) it results 
that 

min G(x,y) > A" l e" Br ^\ 
This proves our claim that 

L (O.A-V- 8 ^) C M\B X (1) . 



Notice that the co-area formula and property (i) for the Green's func- 
tion section [2] imply that 



/ \VG\ 2 (x,y)dy = [* ( [ \VG\ (x,y) dy] ds 

JL^O^e-Bri*)) JO \Jl(s) J 

= A^e-n-W [ \VG\(x,y)dy. 

Jl(s) 

On the other hand, using (jSJ) we have that 

VG\ 2 (x,y)dy < [ \VG\ 2 (x,y)dy 

L(0,A~ 1 e- Br ) JM\B X {1) 

dG 

G(x,y) — (x,y) da (y) , 
dB x {i) or 

where da denotes the area form for dB x (1) . We now use the gradient 
estimate and Lemma M to get 

/ \VG\ 2 (x,y)dy < [ G (x, y) \VG\ (x, y) da (y) 

J L(0,A-*e-Br) JdB x (l) 

< C f G 2 (x,y)da(y) 

JdB x (l) 

< Ce 2Br{x \ 

Concluding, we have that 

A- X e- Br ^ [ \VG(x,y)\dy<Ce 2Br{x \ 

J 1(a) 

which proves the Lemma. □ 

We now prove another result about G (x, y) . We follow the proof in 
[7m] . 

Lemma 7. For A and B in Lemma [5| there exists a positive constant 
C such that for any x 6 M we have: 



[ G(x,y)dy<Ce Br ^. 

J L(Ae Br ( x \oo) 
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Proof. We want to prove that for any x e M 

L(Ae Br ^,oo)cB x (l). (9) 

This is easy to see from Lemma since we know that for any y 6 
dB x (1) we have 

G(x,y) < Ae Br{x \ 

and therefore by the maximum principle and the construction of G we 
have 

sup G (x, z) < sup G (x, y) < Ae Br{x) . 
zeM\B x (i) yedB x (i) 

This proves (jH]). 

Claim 8. If the Ricci curvature is bounded below on a manifold M with 
positive spectrum and if G\ is the Dirichlet Green's function on M for 
a ball B x (l), then there exists a constant C such that for any x 

[ G 1 (x,y)dy<C. (10) 
Jb x (X) 

Proof. Notice that if H (z,y,t) is the Dirichlet heat kernel on B x (1) , 
we have 



d 
It 



[ H 2 (x } y } t)dy = [ 2HA y Hdy 

JB x (l) JB X (1) 

= -2 f \V y H\ 2 (x,y,t)dy 
Jb x (i) 

< -2Ai(M) / H 2 (x,y,t)dy. 
Jb x (i) 

This proves that 

/ H 2 (x, y, t) dy < e-^ / H 2 (x, y, 1) dy. 

Jb x (i) Jb x {i) 

One can estimate the term on the right hand side as follows. First, 
observe that there exists a constant C independent of x such that 

C 

sup H (x, y, 1) < 



y£T(i) V ^ Vol(B x (l)) 
11 



This can be proved either using the mean value inequality as in [Yin] 
or using the heat kernel estimates of Li and Yau |L-Y] and the fact that 
H can be bounded from above by the heat kernel on M. Next we get 

H 2 (x, y, 1) dy < sup H(x,y,l) / H(x,y,t)dy 
B x (i) yeB x (i) Jb x (i) 

c 

< 



Vol (B x (l)) 



We are now ready to prove our claim. Indeed, using the Cauchy- 
Schwarz inequality it follows that 

(f H(x,y,t)dy] < vol(B x (l)) [ H 2 (x,y,t)dy 
\Jb x (i) / Jb x {i) 

< Ce -2X 1 (M)(t-l)^ 

The claim now follows using that 

r poo p 

/ Gi (x, y)dy= / H (x, y, t) dydt. 
Jb x {\) Jo Jb x (i) 

□ 

It is clear that h = G — G± is harmonic and positive on B x (1). We 
have proved in Lemma [5] that for any y G dB x (1) we have 

G(x,y) < Ae Br{x) . 

This shows that h < Ae Br ^ on dB x (1) , thus by the maximum princi- 
ple we know that h < Ae Br ^ on B x (1) . 
Then 

/ G(x,y)dy < [ G(x,y)dy (11) 

J L(Ae Bri - x \oo) JB X (1) 



G 1 (x, y)dy+ h (y) dy 

! B X (1) JB X (1) 

< C + vol {B x {1)) Ae Br{x) 

< Ce Br{x) . 

This finishes the proof of Lemma [3 □ 
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After this preparation, we proceed to proving Theorem [IJ 



Proof of TheoremUl Our goal is to show that there exist positive con- 
stants C and a such that for any x G M, 



G (x, y) f (y) dy 



M 



< 



Ce ar( - X \ 



(12) 



Fix x G M and as above denote by G (x, y) the Green's function on 
M with a pole at x. 

The co-area formula (iii) and Lemma [6] yield for any 5 > and 

e > 0, 

/ G- 1 (x,y)\VG\ 2 (x,y)dy = f -dt f \VG\(x,y)dy 

JLiSe.e) JSe J JUtn) 



[ \VG\(x,y)dy) (-logS) 

Jl(to) J 



>l(t ) 

< Ce br{x) (-log 5) . 

Notice that the integral decay of G from (ii) does not guarantee that 
(}I2"]) is true, as in general it is not enough to balance the exponential 
volume growth of M. The main idea of the proof of (fT2l is to use 
estimates on the level sets of G instead of estimates on geodesic balls. 
We write M as a disjoint union of sublevel sets of G, compute the 
integral of G as the sum of integrals of G over these sublevel sets, using 
the co-area formula and Ai (M) > and estimate / on these sublevel 
sets, using the given decay fl2]) in order to show that (lT2"j) can be bounded 
above by a series that converges. We first prove the following. 

Claim 9. There exists a constant C such that for any 5, e > and for 

any x E M 



G (x, y) f (y) dy 



L(5e,e) 



<C(-\og5) [ sup \f\ ) e br{x) 

L{5s,£) 



(13) 



Proof. Let us choose the following cut off: 
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where we define 



x(y) 



(lo g 2)- 1 (logG(x,y)-log(ife)) on L(\8e,8e) 

1 on L (5s, e) 

(log2)- 1 (log2e-logG(x,?/)) on L (e, 2e) 

otherwise. 



and 

r 1 on B X (R) 

?P(y) = \ R+l-d{x,y) on B x {R + 1) \B X (R) . 

{ on M\B X (R + 1) 

The cut off function \ will take care of the integration by parts over 
the level sets L(5e, e) of G and the cut off function ip will take care of 
the integration by parts over a ball B X (R). Then we have: 



Ai (M) 



G {x, y) f (y) dy 



L(Se,e)nB x (R) 



< Ai(M) sup |/|x 

L(8e,e) 



G [x, y) dy 



L(5e,s)nB x {R) 



<Ai(M) sup |/| / G(x,y)<j ) 2 (y)dy 

L(Se,e) J M 



< sup |/| 

L(5e,e) */M 



V [G*< 



(x,y) dy 



<2 sup |/| I M^lVGf (x,y)dy 

L(fe,e) \ +f M G(x,y) |V0| 2 (y)dy, 

where we have used the Poincare inequality on M. We now compute 
each term above. According to the co-area formula (iii) and Lemma El 
we know that 



G- 1 (x, y) | VG| 2 (x, y) dy < Ce br ^ (- log S) . (14) 
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On the other hand, we have 



G(.T,y)|V0| z < 2/ G(x,y)\V X \ 2 i> 2 + 2 I G(x,y)\V^\ z X 

M J M J M 



2 ,,2 



< 2 
+2 



L( \8e,2e) 



G- L (x,y)\VG\ z (x,y)dy 



G (x, y) x 2 dy 



B X (R+1)\B X (R) 



< 2Ce hr{x) (- log 5) + C^e~ 2 V^) R . 

OS 



In the last step we have used (TBI) and that since we are on the support 
of x, in particular G (x,y) > \5e. Then 



f G(x,y) X 2 dy < 1 / 

J B X (R+1)\B X (R) 0£ JB 



G 2 (x,y)dy 



using (p). 

We have thus proved that 



~ be 



G (x, y) f (y) dy 



L(5e,e)nB x (R) 



< I sup |/| ] X 

L(Se,e) 



fce^ (-log 6) + ^e-^VM^R^ . 



Making now i? — > oo we get that 



G (ar, y) / (y) dy 



' L(Se,e) 

This concludes the proof of the Claim. 
Furthermore we have 



<C(-log<5) ( sup |/| ) e br(x) 

L(Se,e) 



G (x, y) f (y) dy 



M 



< 



L(Ae Br ( x ) ,00) 



G (x, y) f (y) dy 



+ 



L(0,Ae Br< - x) ) 



G (x, y) f (y) dy 



□ 



(15) 
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We will estimate each of these integrals in (IT51) . We start with the first 
integral. 

Lemma [7] implies that 



G {x, y) f (y) dy 



s ML 



L[Ae B < x ) ,00) 



< Ce Br(x) . 



G (x, y) dy 
(16) 



We want to estimate the second term in equation (|T5|) . 

Recall that in Lemma Owe proved that for any y G d-Rj (1) it holds 



A -i e -Br(x) < G(x,y) 



(17) 



where the constants A and B do not depend on either x or ?/. For any 
z G M\B X (1) consider 7 the minimal geodesic joining x and z. Let 
Zq G <95.r (1) be the intersection of this geodesic with dB x (1) . Then we 
have, using the gradient estimate and (jTTI) that 

G (x, z)>G (x, zq) e - Cdizo ' z) > ^-i e -Br(*) e -cbd(*,*) i 

where Co > is a constant not depending on x or 2. We prefer to write 
this in the following equivalent way: 



G (x, z) > e 



',A-Br(x)-C d(x,z) 



for all z G M\B X (1) . The constants A, B and Co do not depend on x 
or z. For these fixed constants let 

m = 1 + max {2 (5 + C ) r (z) + 2 log A, Br (x) + log A} . 

This choice of constant mo in particular implies that 

L (0, e" mo ) C L (0, A _1 e _Br(:r) ) C M\B X (1) , 

by ©. 

Let us write 



L{0,Az Br{x) ) 



G {x, y) f (y) dy 



< 



+ 



L(e- m O,Ae Sr ( a: )) 



'i(o,e- m o) 

C (x, y) f (y) dy 



G {x, y) f (y) dy 



(19) 
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We now estimate 



that from ffT3l) it follows that: 



J L (o,e-™o) G ( x 'y) f (y) d v 



from above. First, note 



Z,(0,e- m o) 



G (x, y) f (y) dy 



/ G(x,y)f(y)dy 



< c ( su p i/i I ebr{x) 

m>m \L( e -( m + 1 ) ,e' m ) 



(20) 



Claim 10. The following series can be bounded from above by a con- 
stant C independent of x: 



SUP \f\<C< oo. 

m>m i(e-( m+1 ),e- m ) 



(21) 



Proof. On L (e ( m+1 ) ; e m ) we know that G(x,z) < e m . The choice 
of constant m implies that L(0,e _m °) C M\B X (1), therefore using 
(fTgl) we get that 

G{X,Z) > e -^A-Br(x)-C d(x,z)^ 

for all z G L (0, e~ m °) . Consequently, on L (e~( m+1 \ e~ m ) we have 

e~ m >G{x,z) > e -^A-Br(x)-C d(x,z)_ 

This implies that 

m — log A — Br (x) 

d (x, z) > 

Moreover, we claim that 



Co 
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for all z G L (e" (m+1) , e~ m ) . To see this note that 



d (p, z) > d (x, z) — d (p, x) 

m — log A — Br (x) 



> 



> 



r (x) 



ni 



2C 



where the last inequality holds if and only if m > 2 (B + Co) 
2 log A, which is clearly satisfied because m > m > 2 (B + C ) 
2 log A, by our choice of m . 
This argument shows that 



r (x) + 
r (x) + 



L(e-( m+1 ),e- m )cM\5 p (^-m) 



which we now use to estimate 

sup |/| < J] sup |/| 

m>m i(e-( m + 1 ),e- m ) m > mo M\B p (^m\ 

<- £ ° 



i>m ( 1 + 



1+s 



< C. 



This completes the proof of (12Tj) . 

By Claim [10] and estimate ( l20|) we have 

C (ar, 2/) / (y) dy 



< Ce br(x) . 



'L(o,e- m o) 

The other term in (|T9l we estimate using ffTB"]) . 



□ 



(22) 



L(e- m 0,Ae- Br ( :E )) 



C (x, y) / (y) dy 



< sup |/| / G(x,y)dy 

M J L(e~ m o ,Ae Sr ("0) 

< Ce br{x) \og(Ae Br{x)+mo ) 

< Ce 2br{x \ (23) 



Therefore, by (USD, fl22} and ([23J we conclude that 
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/ 

JL(0,Ae Br ( x n 



G (x, y) f (y) cfy 



< Ce 26r(:c) . 



Combining ( fTBT) . ( fTBT) and the previous estimate yields 



C (a:, y) f (y) dy 



M 



< Ce ar{x \ 



This concludes the proof of (fT2l and hence of Theorem 1. 



□ 



4 Applications to harmonic maps and 
Hermitian-Einstein metrics 

In this section we first use the solution of the Poisson equation to in- 
vestigate the existence of harmonic maps which are homotopic to a 
given map. Then we use a similar argument to study the existence 
of a Hermitian-Einstein metric on a holomorphic vector bundle over a 
complete manifold. These problems have been investigated in detail in 
[Nil INil4 INi-Ren] and we rely on the arguments from these papers. The 
main difference is that since we are able to solve the Poisson equation 
under a lot milder assumptions, this allows us to prove quite general 
existence theorems compared to the cited papers. 

Results like Theorem 2 were previously proved by Li- Tarn [L-T] 
and Ding [D] . assuming that e(h) 6 L p (M) for p finite. In addition 
to the existence result, they were also able to prove that the homotopy 
distance between u and h is in LP (M) . The proof of Li and Tarn was 
based on a heat equation approach, using ideas of Eells and Sampson 
from the compact setting. Later Ni gave a different proof (he studied 
the Hermitian harmonic maps, but pointed out that his proof works for 
usual harmonic maps, too). It is his idea that we follow here, see also 

Dsn. 



Proof of Theorem^ Let be a compact exhaustion of M with at least 
Lipschitz boundary. 
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It is known that by a result of Hamilton there exists a sequence U{ 
that solves the Dirichlet homotopy problem 

a (ui) = 

Ui ~ h rel <9f2j. 

In order to show convergence of (ui) to a harmonic map u : M — > N, it is 
enough to prove local boundedness of the energy density functions e(ui). 
To achieve this consider pi the homotopic distance between Ui and h 
and pij the homotopic distance between Ui and Uj. Ni has proved that 
a uniform bound on p^ implies a uniform bound on the energy density 
e (u^ , see [Ni] p. 344-345. His argument only uses local geometry and it 
is true in our situation, too. Therefore if we can prove that the sequence 
Pij is uniformly bounded on compact sets, then the convergence of u 
follows from this argument. We now prove a uniform bound for pi, 
which by p^ < Pi + pj implies a uniform bound for p^. This is where 
we use the solution to the Poisson equation from Theorem [TJ Recall 
that pi satisfy a fundamental differential inequality 

A Pi >-\\a{h)\\, 

where \\a (h)\ \ is the norm of the tensor field. From the hypothesis we 
know that ||cr(/i)|| has the right decay so we may apply Theorem [TJ 
This gives a positive function v that solves Av — — \ \a (h)\ \ . We now 
use the maximum principle to see that 

Pi < v. 

Indeed, v — p\ is superharmonic on f2j and it is positive on dfli. This 
proves that pi is uniformly bounded on a fixed compact set K C M, 
therefore the energy density e (u^ is uniformly bounded on K. This 
proves the existence of u. Since by Theorem [1] the function v has at 
most the exponential growth, it follows that the homotopic distance 
between u and h grows at most exponentially. □ 

We now discuss another application of Theorem [TJ which concerns 
the existence of Hermitian-Einstein metrics on holomorphic vector bun- 
dles over a complete Kahler manifold, stated in Theorem [31 
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The existence of a Hermitian Einstein metric on a compact manifold 
is related to stability of the vector bundle, as it is well known from the 
work of Donaldson and Uhlenbeck-Yau. On complete manifolds Ni 
and Ni-Ren [Nil I INi-Renj have showed that if there exists a Hermitian 
metric Hq such that ||A.F# — A/|| G L p (M) for some p > 1 finite 
and M has positive spectrum then there exists a metric H such that 
AFjj = XI- As in the case of harmonic maps, we can modify their 
argument to obtain Theorem [31 

Proof of Theorem^ The argument here is similar to the argument for 
harmonic maps. Here we follow [Nilj . and use again our solution from 
Theorem [1] and the maximum principle to prove certain C° estimates. 
We discuss here the special case A = 0, however the general case follows 
the same. By a result of Donaldson there exists a hermitian metric Hi 
on fli such that 



The goal is to prove that we can pass to a limit and obtain a solution 
on M and for this we establish a priori estimates. Recall the following 
distance functions introduced by Donaldson 



n {x) = r(H l ,H )=tr(H t H 1 ) 

Gi (x) = a (Hi, H ) = tr (HiH^ 1 ) + tr (H H^) - 2rank (E) . 



In order to prove that Hi has a subsequence which converges uniformly 
on compact subsets of M we need to establish C° and C 1 estimates. 
The C° estimates is based on the solution to the Poisson equation found 
in Theorem 1. Recall that we have a Bochner type inequality for the 
distance Tj, see [Siu[ INilj . Let /j = logr^ — \ogk, where k is the rank 




on fij 
H . 



of E. Then 



A/, 

fi 



> -||AF Ho || on Qi 
= on dfij. 



Using the maximum principle it is easy to see that 



fi < v, 
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where v is the solution of 



Av = - \\AF Ho \\ . 

Such a solution exists and has at most exponential growth since the 
norm of AFjj has the decay as in Theorem [TJ This shows that < ke v 
and therefore we get a bound for oi 

a.-, < 2ke v - 2k. 

This establishes the C° estimates and now the C 1 estimates follow the 
same as in [Nilj . p. 690-691. Since the argument for these C 1 estimates 
only uses local geometry it is valid in our situation as well. This con- 
cludes the proof. □ 

4.1 The Ricci flow 

In order to Prove Theorem [4] we want to find a bounded solution to the 
Poisson equation 

Au = (R + l), 

at time t = 0, where A is the Laplacian taken with respect to metric 
9o- 

The following result holds in arbitrary dimension. 

Proposition 11. Let (M,go) be a Cartan Hadamard manifold of di- 
mension n. Assume that its Ricci curvature satisfies 

-a 2 < Ric M < -b 2 < 0. 

Then for any f G C°°(M) having a decay 

C 



1/0*01 < 



(1 + r(x)) 1+e 



where e > andr(x) is a distance from x to a fixed point p, there exists 
a unique solution to Au = f having decay 

\ U ( X )\ < ~7 NX • 
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Proof. Let us observe first that M has positive spectrum. Since it is 
simply connected and its Ricci curvature is bounded above by -b 2 , the 
Laplacian comparison theorem (see [X], Theorem 2.15) implies that 

Ar > bcoih.br. 

Thus, if / is any compactly supported smooth function on M it results 
that 

b [ f 2 (ar) coth {br (x)) < [ f 2 (x) Ar = -2 I /V/ • Vr 

J M J M J M 

< 2 / |/||V/| 

J M 



< 



z J M J M 



This implies that 

j I f 2 < I iwi 2 

and from here we infer that 



M J M 



b 2 

Ai (M) > — > 0. 
Consider the sequence m : B p (Rj) — > M, for i?j — > oo, such that 



u i( x ) = ~ Gi(x,y)f(y)dy, 

J Bp(Ri) 

where Gi(x,y) is the Dirichlet Green's function on B p (Ri). Then 

Av,i = f, on Bp(Ri) 
Ui = 0, on dBp(Ri). 

Our goal is to show that we have uniform estimates on so that passing 
to a limit as i — > oo yields to a global solution to the Poisson equation 
Au = f with a desired decay at infinity. Observe that by Laplacian 
comparison theorem 

Ar > bcoth(br) > b, 
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where r(-) = d(-,p). We have 



a 1 e e(e + l) 

A — = — — Ar + 



By choosing r > r > 1 with r sufficiently big e.g. r = max( 2 ^^ , 1) 
we get 

^ £ < ^ ( 24 ) 

where a = y > 0. We can use a family of balls {-B p (i?j)} as an 
exhaustion family of M by compact sets in the construction of Green's 
function G(x,y). Therefore, by the maximum principle we have 

Gi(x,y) < G(x,y), for every x,y G B p {R$. 

We have the following, 



Ui{x)\ < I G^x,y)\f{y)\dy 

J Bp(Ri) 



< / G(x,y)\f(y)\dy 

J Bp(Ri) 

< / G(x,y)\f(y)\dy<oo, 

J M 

where the finiteness of the last term follows by Theorem [TJ This shows 
Ui is uniformly bounded on compact sets of M and by standard elliptic 
estimates and Arzela-Ascoli theorem we can extract a subsequence of 
Ui converging uniformly on compact sets to a smooth limit u(x) that 
satisfies Au = f on M. Without loss of generality we still denote this 
convergent subsequence with u^. Moreover, to establish a better decay 
of u(x) at infinity, let A be such that 

A > rg • sup sup (re) | 

i xedB p (r ) 

and A > — , where C is the constant from (j2J) and a is the same as 
above. Consider 

A 

V i = — - Ui. 
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Then by ([2411 and m > 1. 



Aa C , rtK . 

< -^T + ^TT<°- (25) 

We also have 

^laBp(ro) = ^ r £ ~~ M j|9B P (ro) > 0; 

Vi\dB p (Ri) > since Ui\ dBp{Ri) = 0. 

By the maximum principle applied to Vi satisfying (1251) . we get V{ > 
on Bp(Ri)\B p (r ) and therefore 

^ < — , on B p (Ri)\B p (r ). 

Applying the same arguments to — Ui we get 

H < — , on B p (Ri)\B p (r ). 

Letting i — > oo we conclude the proof. □ 

Proof of Theorem^ By Proposition [TT] we can find a bounded poten- 
tial solving 

Au = R+l. 



By Theorem 1.1 in [Chj it immediatelly follows the Ricci flow has a 
long time existence on M and it converges, as t — > oo, uniformly on 
compact subsets, to a Kahler Einstein metric with constant negative 
curvature. □ 



References 

[B] R. Brooks, A relation between growth and the spectrum of the 

Laplacian, Math. Z. 178 (1981), 501-508. 

[Ch] A. Chau, Convergence of the Kahler-Ricci flow on noncom- 
pact Kahler manifolds, J. Differential Geom. 66 (2004), no. 2, 
211-232. 



25 



[C-Y] S.Y. Cheng and S.T. Yau, Differential equations on Rieman- 
nian manifolds and their geometric applications, Comm. Pure 
Appl. Math. 28 (1975), 333-354. 

[D] W.Y. Ding and Y.D. Wang, Harmonic maps of complete non- 
compact Riemannian manifolds. Int. J. Math. 2 (1991), 617- 
633. 

[Ha] R. Hamilton, The Ricci flow on surfaces, Mathematics and 
General Relatvity, Contemporary Mathematics 7 (1988), 237- 
261. 

[J-M-S] L. Ji, R. Mazzeo and N. Sesum, Ricci flow on cusp surfaces, 
submitted. 

[L-W] P. Li and J. Wang, Weighted Poincare inequality and rigidity 
of complete manifolds, Ann. Sc. Ec. Norm. Sup., 4e serie, t. 
39 (2006), 921-982. 

[L-Wl] P. Li and J. Wang, Complete manifolds with positive spectrum, 
J. Diff. Geom. 58 (2001), no.3, 501-534. 

[L-T] P. Li and L.F. Tarn, The heat equation and harmonic maps 
of complete manifolds, Invent. Math. 105 (1991), 1-46. 

[L-Y] P. Li and S.T. Yau, On the parabolic kernel of the Schrddinger 
operator, Acta Math. 156 (1986), 139-168. 

[M] L. Ma, Harmonic maps versus Poisson equations on noncom- 

pact Riemannian manifolds, Systems Sci. Math. Sci. 3 (2000), 
333-336. 

[Ma] R. Mazzeo, Elliptic theory of differential edge operators, I, 
Comm. Partial Differential Equations 16 (1991), 1615-1664. 

[M-V] R. Mazzeo and A. Vasy, Resolvents and Martin boundaries of 
product spaces, Geom. Funct. Anal., 12 (2002), 1018-1079. 

[Ni] L. Ni, Hermitian harmonic maps from complete Hermitian 
manifolds to complete Riemannian manifolds, Math. Z. 232, 
331-355 (1999). 



26 



[Nil] L. Ni, The Poisson equation and Hermitian Einstein met- 
rics on Holomorphic vector bundles over complete noncom- 
pact Kdhler manifolds, Indiana Univ. Math. Jour., 51 (2002), 
670-703. 

[Ni-Ren] L. Ni and H. Ren, Hermitian Einstein metrics for vector bun- 
dles on complete Kdhler manifolds, Transactions of the AMS, 
353, (2000), 441-456. 

[N-S-T] L. Ni, Y. Shi and L.F. Tarn, Poisson equation, Poincare- 
Lelong equation and curvature decay on complete Kdhler man- 
ifolds, J. Differential Geometry 57 (2001), 339-388. 

[S] R. Strichartz, Analysis of the Laplacian on the complete Rie- 

mannian manifold, J. Funct. Anal. 52 (1983), 48-79. 

[Siu] Y.T. Siu, Lectures on Hermitian-Einstein metrics for sta- 
ble bundles and Kahler-Einstein metrics, Birkhauser, Basel- 
Boston, 1987. 

[S-Y] R. Schoen, S.T. Yau, Lectures on differential geometry, Inter- 
national Press, Cambridge, MA, 1994. 

[Yin] H. Yin, Normalized Ricci flow on nonparabolic surfaces, 
larXiv:0704.0853l 

[X] Y.L. Xin, Geometry of harmonic maps, Birkhauser, 1996. 



27 



